Abstract: A general and systematic construction of Non Abelian affine Toda models and its symmetries is proposed in terms of its underlying Lie algebraic structure. It is also shown that such class of two dimensional integrable models naturally leads to the construction of a pair of actions related by T-duality transformations.
Introduction
Two dimensional integrable models represent an important laboratory for testing new ideas and developing new methods for constructing exact solutions as well as for the nonperturbative quantization of 4-D non-abelian gauge theories, gravity and string theory. Among the numerous techniques for constructing 2-D integrable models and their solutions [1] , [2] , the hamiltonian reduction of the Wess-Zumino-Witten (WZW) model (or equivalently the gauged WZW ) associated to a finite dimensional Lie algebra G has provided an universal and simple method for deriving the equations of motion (or action ) of 2-d integrable models. In particular, the conformal Toda (CT) models were constructed by implementing a consistent set of constraints on the WZW currents [3] . The method was subsequently extended to construct the conformal affine Toda models (CAT) from infinite dimensional affine algebras, leading to WZW currents satisfying the so called two loop current algebra [4] [5] .
The affine Toda models consists of a class of relativistic two dimensional integrable models admiting soliton solutions with non trivial topological charge (e.g. the abelian affine Toda models). Among such models we encounter the Non Abelian affine (NA) Toda models which admit electrically charged solitons [6] . In general, the NA Toda models admit solitons with non trivial internal symmetry structure. The formulation and classification of such models with its global symmetry structure is given in terms of the decomposition of an underlying Lie algebraic structure according to a grading operator Q and, in terms of a pair of constant generators ǫ ± of grade ±1. In particular, integrable perturbations of the WZW characterized by ǫ ± describes the dynamics of the fields parametrizing the zero grade subalgebra G 0 . The action manifests chiral symmetry associated to the subalgebra
The existence of such subalgebra allows the implementation of subsidiary constraints within G 0 0 and the reduction of the model from the group G 0 to the coset G 0 /G 0 0 . The structure of the coset G 0 /G 0 0 viewed according to axial or vector gauging leads to different parametrizations and different actions.
We first discuss the general construction of NA Toda models and its different internal symmetry structure. Next, we discuss the structure of the coset G 0 /G 0 0 = SL(2) ⊗ U (1) n−1 /U (1) according to axial and vector gaugings and explicitly construct the associated lagrangians. Subsequently, we show how the chiral symmetry of the group model becomes global under the reduction to the coset. Finally, we show that the axial and vector models are related by canonical transformation [7] preserving the Hamiltonian which also transforms topological into electric current and vice-versa.
General Construction of Toda Models
The basic ingredient in constructing Toda models is the decomposition of a Lie algebra G of finite or infinite dimension in terms of graded subspaces defined according to a grading operator Q,
In particular, the zero grade subspace G 0 plays an important role since it is parametrized by the Toda fields. The grading operator Q induces the notion of negative and positive grade subalgebras and henceforth the decomposition of a group element in the Gauss form,
where N = exp (G < ), B = exp (G 0 ) and M = exp (G > ). The action for the Toda fields is constructed from the gauged Wess-Zumino-Witten (WZW) action [6] , [8] ,
where
Integrating over the auxiliary fields A,Ā, we find the effective action,
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The equations of motion are given bȳ
It is straightforward to derive from the eqns. of motion (2.6) that chiral currents are associated to the subalgebra
In order to illustrate the different algebraic structure, consider the following examples within the affine G =ŜL(n + 1):
1. Abelian affine Toda
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For the cases where G 0 0 = 0, we may impose consistently the additional constraints J X = J X = 0, X ∈ G 0 0 . The construction of the gauged WZW action taking into account the subsidiary constraints reduces the model from the group G 0 to the coset G 0 /G 0 0 and is given by
where the ± signs correspond to axial or vector gaugings respectively. The action (2.12) is invariant under
and α ′ 0 = α 0 (z,z) ∈ G 0 0 for axial and α ′ 0 = α −1 0 (z,z) ∈ G 0 0 for vector cases, i.e.,
3. The structure of the coset G 0 /G 0 0
In this section we discuss the structure of the coset G 0 /G 0 0 constructed according to axial and vector gaugings. We shall be considering the NA Toda models of case (2a) where
. The group element of the zero grade subgroup G 0 is parametrized as
According to the axial gauging we can write B as an element of the the zero grade subgroup G 0 is parametrized as
Rλ 1 ·H , where g f 0,ax = eχ
The effective action is obtained integrating (2.12) over A 0 ,Ā 0 , yielding [6] 
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In terms of a more convenient set of variables,
we get
Chiral and Global Symmetries, from
Consider the unconstrained model defined in the group G 0 with action
The action (4.1) is invariant under chiral transformation
which in components reads
and leads to the Noether currents (chiral)
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In addition the model in the group (4.1) has the following topological currents (non chiral)
When reducing the model from the group G 0 to the coset G 0 /G 0 0 , the chiral symmetry reduces to a global symmetry. For axial factor group element g f 0,ax defined in (3.2) , has no G 0 0 generator (i.e., R field to absorb the factorw + w ) and the symmetry of the axial model consists of transformations (4.3) such thatw + w = 0. For the vector factor group element g f 0,vec in (3.5) the invariance of the field t ′ = t also impliesw + w = 0. In both cases, the remaining symmetry is obtained forw = −w = const. corresponding to a global U (1). Further, the reduction from the group G 0 to the coset G 0 /G 0 0 is implemented by imposing the subsidiary constraint
which allows the elimination of one degree of freedom. For the axial gauging we solve the subsidiary constraints (4.6) for the nonlocal field R, i.e. the coset G 0 /G 0 0 is implemented by imposing the subsidiary constraint
where ψ =ψe R and ∆ = 1 + n+1 2n ψχe −ϕ 2 . For the vector gauging, we define h = 1 +ψχe −ϕ 2 and solve the same constraints (4.6) for the nonlocal field u,
Finally let us discuss the relation among the topological and Noether charges of the G 0 and the G 0 /G 0 0 . Consider the topological charges defined from (4.5) 
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Axial-Vector Duality
In this section we shall prove that the axial and vector models are related by a canonical transformation. Consider the SL(3) vector model
In terms of the new set of more convenient variables
the lagrangian (5.1) becomes
The canonical momenta are given by
and the hamiltonian is
Consider the following modified lagrangian
where we identify ∂θ = P,∂θ =P [9] . Integrating by parts and negleting total derivatives,
Integrating over the auxiliary fields P andP we find the effective action
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The hamiltonian is
The canonical transformation
preserves the Poisson bracket structure and provide the equality of the hamiltanians H mod = H vec . If we now substitutẽ
in the effective lagrangian L ef f (5.8), we find
which is precisely the axial lagrangian for G 0 = SL(3). Therefore the axial and the vector models are related by the canonical transformation (5.11) preserving the hamiltonians. In fact, θ andθ are isometric variables generating Noether charges (4.9) and (4.10) under global transformations.
Concluding Remarks
We have seen that the crucial ingredient which allows the construction of the axial and vector models is the existence of non trivial subgroup G 0 0 which in the example developed here, G 0 0 = U (1). The same strategy works equally well for generalized multicharged NA Toda models such as those constructed in ref. [10] where G 0 0 = U (1) ⊗ U (1) or to the homogeneous sine Gordon (HSG) models proposed in [13] .
The question of constructing integrable models with non abelian internal symmetry arises naturally. For instance, in the case of example (2c) of section 2 (eqn. (2.11) ), the group model (2.4) admits invariance under chiral G 0 0 = SL(2) ⊗ U (1) transformations and is the natural prototype to describe solitons carrying nonabelian degrees of freedom.
An interesting and intriguing subclass of NA Toda models correspond to the following three affine Kac-Moody algebras, B (1) n , A (2) 2n and D (2) n+1 . Their axial and vector actions were
